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%vﬂ. Introduction

If £(x) is a function defined for all real x and satisfying
certain conditions as regards integrability (in the Lebesgue sense)
and behaviour at infinity we may consider the following pair of
analytic functions

S‘ ¢+ (Z)'ﬂ"“""i“““ ] Mdb Im 2.70 3

211 -z
~ e 1.1
L ¢ (2) = mg | -l——gé) dt Im z <0
~ OV

which are regular regpectively in the upper and lower half plane.
For real z the following limiting values may exist

1lim gb+ (x+1y) =Ci)+ (x) 113m (b (x+1v) --:(j)“ (x), 1.2
Y

and we have fTormally

dF (x) - O (x) 1.3

4)"' (x) +¢" (%) :.-Trl j( E—L—-dt 5 1.4

where‘fﬂ denotes a Cauchy 1ntegral 1, e

j( f-L-)-dt=.-.----»...:z.im [ Wdt 1.5

cC—> 0

|

nall S'S

The formulae 1.3 and 1.4 are called the Plemelj formulae after

T. Plemelj who introduced them in 1908 [1] . LT 18 not difficult
to prove that the Cauchy integral 1.5 exists and the P emelj for-
mulae hold if f(x) belongs to a class of hlderian functions. In
Muskhelishvili's book a generalisation is made in so far that the
real axis 1s replaced by an arbitrary smooth line.

Thls report is the result of an attempt to generalise the class
of functions f(x) for which 1.5 exists and the Plemelj formulae
1.3 and 1.4 hold or at least hold almcst everywhere., It appears
that the relevant theorems are more or less explicitly contained
in the chapter on Hilbert transforms in Titchmarsh [2} . They will
be glven here in a slightly adapted and simplified version with
speclal reference to the concept of the Cauchy integral and the
validity of the Plemelj formulae. In section 2 a simple theory
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wlll be given for functions of the Lg( ~co,c0) class. It will be
shown that if the limiting valueslib+fxﬂﬁ'¢“(x), c(x) are inter-
preted as 1limifts in the mean the Plemelj formulae hold almost
everywhere., In section 3 it will be shown that ¢>+(x),(p“0x),ggtx)
eX1lst not only as limits in the mean but also for almost all x as
ordinary limits.

Finally in section 4 it will be shown that also for the class
L(-co,00) the formulae of Plemelj hold for almost all x. We note
that convergence in the mean does not imply convergence at any
point. Wiener [3] glves an example where the l1limlt 1n the mean 1S
zero whereas the l1limit in the ordinary sense does nol exist 1n any
point. On tThe other hand convergence 1n the ordinary sense does
not imply convergence in the mean, even 1f the ordinary limit
exists everywhere, However, if both the limit in the mean and the
ordinary limlt exicst, at least almost everywhere, both 1limitTs are
equal almogt everywhere,

In these sections we shall consider Fourier transforms of functions

belonging to either the Lq or the L2

°(

class., If f£(x) belongs to

-0 ,c0 ) the Fourier transform of f(x) is defined by
A o0

F(x) = 1.i.m, —2 f e~1X pryyar 9EF fe“itx £(t)dt.

""".A. e OO

3

A—>oco  \/2m

By the norm of f(x) we shall understand
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[17 Muskhelishvili. Singular integral equations. Groningen 19573,
“ 17. Cf.also ¢3 and g 43.

[2] Titchmarsh. Introduction to the theory of Fourler integrals.
Oxford 1937. Ch.V.

[3] Wiener. The Fouriler integral. New York 1933. p.=29.



§ 5. Pure L° theory

Let £(x) belong to Lz(uco,oo). Then 1its Fourier transform

T

£ -1TX
F(X) = ——r f e f(t)dt 2.

\/21’{' ‘ ( )

2 - OO
also belongs to LT (-co,co ).

G iuz
: e u > O
Since for Im z >0 ,1¢ ‘fﬂ et U %jg-dt = f
271 oo B [ O u <0

we obtain by means of Parseval's theorem for the function d)+(z)
from 1.1 and similarly for ¢)“(z)

N »
q)+(z) = v%?~ J/ o172 F(t)dt Im z >0
S0 4 2.2
P~ (2) L f P2 p(g)at  Im z <0
Z = e e ~
V21T ~

For real x we define (also 1n the 1.1.m. sense)

f Ot (x) ¢t L f 1% m(t)at,

Ve
i Yo 2.3
$~ (x) et . v%ﬂ% J/ e V¥ p(t)at
Theorem 1
) = b (%)
i PTGty = b (e 2.
;H}ém (p” (x+iy)Am (p” (%)
Proof If @ (z) = ---\-/-..’...‘2--5 f %2 p(t)dat and similarly @) (x),
then O
0% (2) - 0% | < 07 (=)- 05l +10 1)~ 05l =104 0)- 97 ol]

For A —> < <bz(z) converges 1n the mean TO <@+(z) uniformly in y

LN

k \d)"“ (b“' éf{F(t)‘z 4t —> O
A

Thus A may be determined such that the {1rst and third term on The

right-hand side of the inequality given above are less than /3,
: + ‘ + :

say. For a fixed A we have l.1.m. d>A(x+1y) mibA(x) since
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” df)z(:*'ly) - M(X)U = | \/"/"12""?6 g et (q_e YYyr(t)dt }l c -
- [ (1= | r(t) | 2 6t —>0 ror y bo.
O

Thus also the second term of the inequality 1is less than §€&/3 for
y sufficiently small and positive, and the norm of <b+(z)w<b+tx)
is less than ¢ for y sufficiently small and positive. This proves
the first part of the theorem. Similarly for 07 (z).

Theorem 2

OT(x) - ¢7(x) = £(x) oo 2.5
DT(x) +97(x) = g_.;}?.rg -‘:‘-"E/‘l“i" 3 K"'t)t“f x-t) gy 2.6

almost everywhere,
Proof The first part of this theorem is an obvious consequence of

2.1 and 2.3. For the second part we have

LGN

(b+(X) +<b“(x) = ;L, J’eltx F(t) sgnt at.
\V 27T 7 o

On the other hand

O O
A [ f(xet)-f(x-%) qp _ A j £(t) rix-t)at |
Tl 4 T Tl J T

where £(t) is zero for }t\*ﬁﬁ and -1 for |t] » &

“ -itx € (t) _ o4 J( sin tx
Since :EQ e = dt = 21 / — dt,

we obtain by means of the convolution theorem

IO ae * A ?
T J £LE) £(x-t)at - \/’1 f e T¥ F(t){%—- f Wdujdt ,
. ? oo 2..'..[:. L o . E |
~ &
oo - )
= L. [ e a(t)sgnt dt - [ ett%p(5) ] < f M‘du}* dt.
Vo Ve s L™ 3 v
The square norm of theé}ast term equals
o N :
S ] 2
lF(t)\g{% [ sin tu du} 3t
Y O

and obviously tends to zero as ¢ -=>0, Thus
{0 Oy

2 :
1.im. = | P(x+t)-0(%x-%) g¢ o 1 j 1% 5t )sgnt dt and the
¢ —0 Ty C Ve

second part of thc theorem has been proved.
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§,3 Mixed L2 theory

Let agailn f(X) belong to Lz(mcojma), Then also

D

g(x) = i \fﬂ eltX F(t) sgnt dt 3.7

-
Vet 7o

belongs €O Lg(wﬁo,mﬁ).
We know already that

~ N

4 d fgx+t mfgxwt
1.i.m. ﬁgg{ )t ) dt = g(x)

E =0 £
We shall now prove
Theorem 3 % )

im A f L(art)=F(X=8) gy _ g(x) -
¥

E -2

for almost all X.
We need the following two lemmas

Lemma 7% %% ) 1r in%l-belongs to L(-co,c2) then

1+x
/l R e‘

lim — f TS ({)(X“t)dt = (X) 3.3

EﬂOﬂn“&ﬂtﬁ4ﬁ l
for almost all x,
Proof Mot .~ (N0

L J —Es @ (x-t)dt =g (x) + = J (rt)s P2 9(x) ag,

e BT HE 3 L +¢
Since ¢ 1s an integrable function, we have for almost all X
1im  w (u)=0 KX )
u-—>0
where A IP _ g
w(u) = 5 @(x+t) + @ (x-t)-2 ¢ (x) | dt.
O
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) Cf. Titchmarsh, Theory of Fourier integrals theorem 91.

%% )A generalisation of this lemma 1s given in Titchmarsh 1l.cC,
theorem 13.

#% )The point set where this is true is a Lebesgue set. Cf., Titch-
marsh. Theory of functions 11.0.



For such an x

O U +& A
where u'l =< u; on
. 2 1 , .
%fﬂ S ~Ui%§i¥tll ( ‘ xib)+ Plx-t)-2 ¢(x 'dt , provided || <A
& | »
. U+ e° - £+

Since gﬂ can bgwmade arbitrarily small for suiltable u and since for
any {ixed u &/ —> O as & -—=>0, we have for almost all X
U

¢ —2 (O

lemma .

- O\ < o
1im f m {<f7(x+t)+ %J(x-—t)-@(p(x)} dt =: 0 which proves the
O

EEEEEWE_K) Lt #%%%%-belongs to L(-cv,o0)

. ( P(x+t)- P(x-E) i t 1
1 : dt - —— +t)- @{x-t)tdt } =0
lm C ({ £+ & 1%}( ) LP( J

d
5o L
& —= () ¢ .

for almost all x.

! -
)
h

Pronf .
For almost all X we have 1lim C(u) = O where
u - O U
U
|
G?(u) WHJF i<p(x+t)—tp(xmt)}dt
O

et x be such a point. Then the expression between brackets in 3.4

may be written acg

O\ 2 . \L g t t 4
. ¢ Py _ D - > dt - ] J X+T "{y X“t)}dt:
é 1 o )= ¢ (), ) P Plert) - ¢

which is absolutely less than

7] OO
‘f & de (t) + 82 f AXTU) - P\ dt +
2 2 . T
s t(tT+en) 4
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The second and third term tend to zero as &€ — 0, For the first
term we have

Since
aRT / & x|
] 17X £ ™ - X
e m?mwg-dt = \/m-e ,
2T -—Jc@ T +¢ -
and Eo%s, -
] ( 1TX T /Tf - £iX
. e wéwug-dt = 1 V= ¢ Sgn X
V2 - t<+ & V2 '9
— CONO
we have according To Parscval's formula
~ NS . O\
o T +<& _oc T+

According to lemma 1 the right-hand side of this equality tends
to g(x) as &€-—0 for almost all x. According to lemma 2 we have
ffor almost all X

{0

XD
4 4 3
g f(x+t)-T(x-1) 1 [ £ ey L _
lim = | . at = E.2.:_.?-Lf(-x-;-t) f(x-t) ;dt

= 11im
c —> 0O & . —> 0
(N2

a g v _

= - Jim — f S f(x“t)dt — %(X)"
-0 " L, tTHE

Theorem 42)

o lim ¢+ (x+1iy) = ﬁ?+(x) = f(x) - ig(x)

) v*0 3.9

| 1im @ﬂ (x+iy) = iﬁm(xj = -f(x) - ig(x)

U -y"’f\o
ffor almost all X.
Proof . ) OO

+ " - 3 — i { t)dt-—-—% f(X)
a x+1ée) - (x-12) = = _ £ (

for almost all x according to lemma 1.
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%) Cf. Titchmarsh. F.I. theorem 93.
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E (;‘) (X“‘lé) +- @ (X“iw) = - T“ET ) W f(x-'“t)dt r—
N\ —_— D ”
— .......:l...... C (X t)dt e (r)
= 1 T 8% > -1g(x
ae LG

for almost all x according to 3.5 and lemma 1.

Combining both theorems we have for C,U +(x) ana d)“(x) as defined

+
by 1im ¢%“ (x+1y)
¥y -0

Theorem 5

L OF (%) - 07 (x)
z¢¢®+ (x) +-¢"(X)

{

£(x) , 3.7

|

- ‘?‘Ci . t v »
£ — 0O ¢



§§4 1,7 theory
If £(x) belongs to L{-cvo, ) we have

1im 1’¢+ (x+1i¢) «d) (x-1 € ;}mzf(x)

as the proof of the first relation of theorem 4 still holds in
thilis case

1T is, however, questionable whether the second relation of
theorem 5 remains valld. The Fourier transform of f(x) exists,

but does not necessarily belong to L(-co,c0) so that it is un-
certain whether g(x) exists as the inverse transform of i F(x)sgnx.

STi1ll the results of the preceding section remain true and we have
the remarkable Theorem

Theorem 6 %)
If f(x) belongs to L(-c2,ca) then

(1)+ (x) = 1lim @ (x+1iy )

¢+i(X) = lim (b"(x+iy)
y 0
exist for almost all x and almost everywhere
h (x)+tb"(x) = 11m QL-J' X+t) f(x-t) dt 4.1
| .l
== Q)
We need the followling lemma

Lemma 3
If Y(z) is regular for Im z >0 and 1if

(e < olsl’

for some C > 0O and yﬂao then

1im Y (x+1iy)
yvo

exists almost everywhere,

Z
Proof Consider the functilon “%b(z) = mjﬁi“liz.,

(z+i)r

Im z > O

The integral n
f/emlzt 1yo(z)dz

taken along the line Im z =y > O clearly does not depend on y SO
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%) Cf. Titchmarsh. F.T. thcorem 105.



-10 -

that there is a function (t) with

OO
g ~-1%XT -yt
o= [ ey erydax = eV (o) L2

- O\

By Parseval's tTheorem
. 0

jf t“ﬁb(x+iy)i2 aX :‘/’ Sk %p(t)}z

—_ OO — O

since the left-hand side is bounded as y—>oe we must have a.e.

©(t)=0 for t «0O. Since it is also bounded as y —=0 <W(t) belongs
tO LE(O oo ) and we have from h,2

“%g( 7 ) = ifxmg ] o107 @ (t)dt Im z > 0.

From the preceding section, theorem 4, we know that lim.“¢"(x+iy)
exists almost everywhere, The same 1s true for 1{/ X+—iy)

We now proceed to the proof of the theorem. We have

O

|

ATeL -2
- (N
A0 O
- L o p(x-t)dt + = | —x—s £(x-t)dt
Tty Tl Ty

Without loss of generality f(x) may be supposed to be real and non-
nhegative, Then
j; (x+1y) = U + 1V

where U 2 O. The function cexp- <$ (z) satisfies the requirements of
the preceding lemma since 1T is unlformly bounded for Im z >0,
Hence 11m eXP wi¢ z ) exists almost everywhere., We know already
that UYfeBds to the limit £(x) for almost all x so that @ "(z) has
a finite limit for almost all X.

In particular we have proved thatv

ﬁ 1 B )
1im — f -—m f(}{mt)dﬁ
E-20 r&.mm T +&

exists almost everywhere. The rest of the proof follows easily

from lemma 2 of the preceding scctlion,



